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 Exercise 1  ( 6 points )   

         The plane is referred to an orthonormal system . 

         Consider the curve )(  of equation 022 2223  yyxxx  .  

         1- a) Prove that the equation of )(  is equivalent to )2()2( 22 xxxy  .  

                 Deduce that the set of abscissas of the points of )(  is the interval ]2;2]I .  

             b) Prove that the axis of abscissas is an axis of symmetry of )( . 

        2- The adjacent figure shows the part of )(  , in ]2;0[  , in an 

             orthonormal system ),;( jiO . 

             a) Verify that 
2

16
8422




x
xxy .  

             b) Calculate the volume V of the solid generated by the  

  rotation of the shaded domain bounded by )(  about the axis   

  of abscissas .  

             c) If cmji 2 , determine V in 3cm . 

 

Exercise 2  ( 10 points )    

   Consider in an oriented plane , a triangle ABC  right at B ,    

   such that 4AB  and )2(
3

);( 


ACAB     

   Let I and E  be the respective mid points of ][BC  and ][AC  . 

   1- Let S  be the similitude such that CAS )(  and BCS )(  .  

       Determine the ratio and an angle of S  .                              

   2- a) Justify the existence of a rotation R  that transforms A  into E  and B  into C .  

       b) Determine an angle of R  and construct , with justification , its center  O  . 

   3- a) Determine )(CSR   and )(BRS  . 

       b) Determine the center , the ratio and an angle of each of the similitudes SR   and RS   . 

   4- Let M and 'M  be the points defined by ABkAM   and ECkEM '  where k  is a real number  . 

       Prove that )(' MRM   . Deduce the nature of triangle 'OMM  . 

   5- Let )(  be the circle of center N circumscribed about the triangle 'OMM  . 

       a) Prove that the point A  belongs to )( . 

O x

y

-2

)(

Figure  25
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       b) Prove that N  is the image of M  by a similitude f  of center O  whose ratio and angle are to be 

           determined . 

       c) Prove that EBf )(  and determine )(Af  

       d) Determine the set )(  of N  as k  traces IR .  Draw )(  .    

 

    

Exercise 3  ( 8 points )     

 

         The complex plane is referred to a direct orthonormal system ),;( vuO .   

         To each point M of affix z  , we associate the points 'M and "M  of respective affixes 'z  and "z  

         such that 2'  zz  and zzz  2" . 

         1- Let yixz   where x  and y  are two real numbers . 

             a) Determine the algebraic form of each of the complex numbers 'z  and "z in terms x  and y .  

             b) Find the points M for which the two points 'M  and "M  belong to the axis of ordinates . 

         2- a) Verify that zz '  and determine the algebraic form of the number 
zz

zz





'

"
 in terms of x  and y . 

             b) Deduce the set of points M  of plane for which the points M , 'M  and "M  are collinear .   

             c) Determine the set of points M  that belong to the circle of diameter ]"'[ MM  .  

         3- Let )(H  be the curve of equation 0222  xyx  . 

             a) Prove that )(H  is a rectangular hyperbola whose center , vertices and the equations of the 

                 asymptotes are to be determined .  

             b) );( P  is a point of )(H  such that )2(),( OPu  where 
4

0


   . 

                 Prove that 




2cos

cos2
OP  . Determine   ,   and   when 32OP  . 

 

 Exercise 4  ( 7 points )   

 

                  An urn contains three perfect dice ; two of them are blue and each has six faces numbered 1  through 6  

   while the third one is red and has two faces numbered 1  and four faces numbered 6 . 

   1- We draw at random one die from the urn and we throw it . Consider the following events : 

       B  : " the drawn die is blue "  ;  R  :  " the drawn die is red "  and  S  :  " the thrown die shows a  6 ". 

        Prove that 
3

1
)( Sp . 

   2- In this part , we draw at random one die from the urn , then we throw this die n  consecutive times  .  

       Denote by nS  the event : " we get a 6 at each of the n  throws " . 
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       a) Calculate the probability of the event "  the drawn die is blue and we get a 6 at each of the n  throws " .     

       b) Prove that 

nn

nSp 


















3

2

3

1

6

1

3

2
)( and justify the value of )(Sp obtained in 1 .  

       c) For all natural numbers 1n , denote np  the probability of having the red die knowing that we got            

           a 6 at each of the n  throws .  Prove that  

1
4

1
2

1











nnp  . 

 d) Determine the least natural number 1n  such that 999.0np .             

                
 

 Exercise 5  ( 7 points )    

 

                  Consider the function f  defined on [;0]   by 
2

21
)(

x

xn
xf


  .  

                  1- The table of variations below is that of the of function g  defined on [;2[   by xnxxg 21)(    . 

 

 

 

 

 

 

 

       a) Calculate )3(g  and )4(g  then prove that the equation 0)( xg  has exactly one root   belonging 

           to the interval [4;3] . 

             b) Calculate 
x

xf
1

)(   in terms of )(xg  and prove that , for all 4x , 
x

xf
1

)(0  .  )1(  

                  2- Consider the sequence )( nI  defined , for 1n  ,  by 




1

)(

n

n

n dxxfI  . 

           a) Using the inequality )1( , prove that , for all natural numbers 4n  , 






 


n

n
nIn

1
0  . 

           b) Deduce the limit of the sequence )( nI  . 

 

      3- Let nn IIIIS  321 . 

          a) Using integration by parts , prove that C
x

xn
dxxf 




23
)(  .         ( C  is a constant ) 

x

)(xg


+



0

2

)(' xg

41 n
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          b) Calculate nS  in terms of  n . 

             c) Determine the limit of nS  as  n  tends to  . 

 
 

Exercise 6  ( 12 points )      
 

  A-  Consider the function f defined on the set IR  of real numbers by 22 )2()(  xx eexf  . 

        1- a) Prove that , for all real numbers x  , )2()1(4)(' 2  xxx eeexf  . 

            b) Set up the table of variations of f . 

        2- Draw the representative curve )(C  of f  in an orthonormal system  ),;( jiO  .  ( Unit :  3 cm ) .   

B-  Consider the function F  defined on IR  by )23()2(
12

1
)( 3  xx eexF .   

        1- Determine the sign of )(xF . 

        2- a) Prove that F  is the antiderivative ( primitive )  of f  on IR  such that 0)2( nF  . 

            b) Set up the table of variations of F . 

        3- Let )(  be the representative curve of F  in the same orthonormal system as )(C . 

             a) Determine the position of )(  with respect to )(C  and prove that these two curves are tangent  

                 at a point to be determined. 

             b) Prove that the straight line of equation 
3

4
y  is asymptote to )(  at  . 

             c) Draw )(  in the same system as )(C . 

        4- Let m  be a real number such that 0m  . Consider the domain )(D bounded by )(C  , the axis  

            of abscissas , and the straight lines of equations mx   and 2nx   . 

            a) Calculate the measure )(mS ,  in units of area , of the area of the domain )(D  in terms of )(mF  and 

                determine )(mSim
m 
 . 

            b) Prove that , for all ]0;] m , 
3

4
)(

12

5
 mS . 

            c) a  being a given number such that 
3

4

12

5
 a  , describe the construction that allows to determine 

                graphically the real number m  such that amS )(  . 
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           Entrance Exam 2019  - 2020                    Mathematics                                     July 2019                         

                                                           SOLUTION 
 

 

Exercise 1  (   points )     

 

   1- a) The equation 022 2223  yyxxx  of )(  is equivalent to 0)2()2( 22  xyxx  ;  

        that is )2()2( 22 xxxy    )1( .  

           For 2x  , )1(  becomes 160   which is impossible . 

           For 2x  , )1(  is equivalent to 22

2

2
x

x

x
y 












  , which is defined for all real numbers x  such that  

          0
2

2






x

x
 ; that is 22  x . 

           Finally , the set of abscissas of the points of )(  is the interval ]2;2]I .  

          b) An equation of the symmetric of )(  with respect to the axis of abscissas is  

           0)2()()2( 22  xyxx  which is 0)2()2( 22  xyxx  , that of )( . 

            Therefore , the axis of abscissas is an axis of symmetry of )(  .             

2- a) By symmetry with respect to the axis of abscissas, the required volume V  is equal  

        dxy
2

0

2  units of volume ; 

        

2

0

2
3

2

0

2

2

0

23
2

0

2 )2(1682
32

16
84

2

2
























  xnxx

x
dx

x
xxdx

x

xx
dxy  . 

                        )
3

2
2(16  n  ;  therefore  )

3

2
2(16  nV   units of volume . 

    b) If cmji 2 , then  1 unit of volume =  
38cm  ;  

        Therefore  )
3

2
2(1288)

3

2
2(16  nnV   3cm . 
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Exercise 2  (   points )     

The triangle ABC  is semi equilateral having 4AB , )2(
3

);( 


ACAB  and )2(
2

);( 


BABC                                                       

then 82  ABAC  and  343  ABBC  . 

I and E  are the respective mid points of ][BC  and ][AC  . 

1- CAS )(   and BCS )(  where ACBC
2

3
  and )2(

6

5
);( 


CBAC , then 

2

3
 is the ratio  

  of S  and 
6

5
  is an angle of S .  

2- a) 4 ECAB and ECAB  , then there exists a rotation R  that transforms A  into E  and B  into C .  

 b) )2(
3

);();( 


 ACABECAB , then 
3


 is an angle of R  ;  its center is the point O  such that 

      OEOA   and OCOB   ; it is the point of intersection O  of the perpendicular bisector of ][AE  

      that passes through B  ( ABE is equilateral ) and the perpendicular bisector of ][BC  that passes  

      through E  ( CBE  is isosceles at E  ). 

3- a)   CBRCSRCSR  )()()(   and    BCSBRSBRS  )()()( . 

 b) )
236

5
;

2

3
;()

6

5
;

2

3
;.....()

3
;1;(


 BSSOSSR    and  )

2
;

2

3
;(


 CSRS   

4- ABkAM   and ECkEM '  where EAR )(  and CBR )( , then  )(' MRM   .  

  )(' MRM   where )
3

;(


OrR   , then 'OMOM  and )2(
3

)';( 


OMOM  , then 'OMM  

  is a direct equilateral triangle . 

 

 

 

 

 

 

 

 

 

 

 

 

 

A

B CI

E

M

'M

3



O

3



N

F

)(

Figure  4
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5- )(  is the circle of center N circumscribed about the triangle 'OMM  . 

 a) )2(
3

);()';( 


 ACABAMAM  , then )';()';( OMOMAMAM   and A  , O  , M , 'M  are 

     cyclic ;  therefore the point A  belongs to )( . 

 b) 'OMM  is a direct equilateral triangle , then N  is its center of gravity  ;  therefore  

     )2(
6

);( 


ONOM   and OMON
3

3
 ;  therefore N  is the image of M  by the similitude f   

     of center O  , ratio 
3

3
 and angle 

6


 .  

 c) CBR )(  , then OBC  is a direct equilateral triangle . 

     E  is on the perpendicular bisector )(OI  of ][BC  and EBABEI
2

1

2

1
  , then E  is the center  

     of the circle circumscribed about OBC  ;  therefore EBf )(  . 

     EAR )(  , then OAE  is a direct equilateral triangle ; therefore )(Af  is F , the center of the circle  

     circumscribed about OAE . 

 d) As k  traces IR , the point M , such that ABkAM  , traces the straight line )(AB  and its image N  

     by f  traces the straight line  )(ABf  which is )(EF since FAf )(  and EBf )( . 

     Therefore , the set )(  of N  as k  traces IR  is the straight line )()( EF .   

     Drawing )(  .     
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Exercise 3  (   points )     

 

   1- a) yixzz  22'   and  ixyxyxyixiyxyxzzz )12(2" 22222   . 

       b) 'M  and "M  belong to yy '  if and only if 0)"(Re)'(Re  zz  ; that is 2x  and 022  xyx  ; 

           2x  and 22 y ; therefore , M  is one of the points with affixes i22  and  i22 .   

   2- a) zzz  2'  and ixy
xyxiyxiyxyx

zz

zz

zz

zz
)1(

2

2

2

222

'

2

'

" 22222




















.   

       b) MM ' , then the points M , 'M  and "M  are collinear if and only if 
zz

zz





'

"
 is real ;  that is  

           0)1(  yx  ; 1x  or 0y  ;  therefore , the set of M  is the union of the axis of abscissas and the 

            straight line of equation 1x  . 

       c) M belongs to the circle of diameter ]"'[ MM  if and only if 0
'

"






zz

zz
 or 

zz

zz





'

"
 is pure imaginary ;   

           that is 0
'

"
Re 













zz

zz
. Therefore , the set of M is the curve of equation 0222  xyx .  

   3- )(H  is the curve of equation 0222  xyx  . 

    a) An equation of )(H  is   11 22
 yx  ,  then )(H  is a rectangular hyperbola of center )0;1(I .    

     The focal axis is the axis of abscissas and 1a  , then the vertices of )(H  are O  and )0;2(A . 

        The asymptotes of )(H  are the straight lines of equations 1 xy  and 1 xy  .  

       b) )2(),( OPu  then , the coordinates of P  are  cosOP  and  sinOP  . 

           P  is a point of )( H  then , 02 22    ;  that is 0sincos2cos 2222   OPOPOP  ; 

            cos22cos OP  where 02cos   since 
2

20


   ; therefore 




2cos

cos2
OP  .   

           32OP  if and only if 3
2cos

cos





  ;   cos)1cos2(3 2    ;  03coscos32 2    ;     

           Therefore , 
2

3
cos   (

4
0


  )  ;  rad

6


  .  

            When rad
6


  , 3cos   OP  and 3sin   OP .   
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Exercise 4  (   points )     

 

 1- When we draw at random one die from the urn that contains 2  blue dice and one red ,  

  
3

2
)( Bp  and 

3

1
)( Rp  . 

  If a blue die is drawn and tossed then , the probability of getting a 6  is 
6

1
)/( BSp  . 

  If the red die is drawn and tossed then , the probability of getting a 6  is 
3

2

6

4
)/( RSp  . 

  Therefore , 
3

1

3

2

3

1

6

1

3

2
)/()()/()()()()(  RSpRpBSpBpRSpBSpSp . 

 2- a) The required probability is 

n

nn BSpBpBSp 









6

1

3

2
)/()()(  

  b) 

nn

nnnnn RSpRpBSpBpRSpBSpSp 


















3

2

3

1

6

1

3

2
)/()()/()()()()( . 

      For 1n , 
3

1

3

2

3

1

6

1

3

2
)()( 1 

















 SpSp  .  

 c) 

1
4

1
2

1

3

2

3

1

4

1

3

2

3

2

3

2

3

1

3

2

3

1

6

1

3

2

3

2

3

1

)(

)(
)/(









































































nnn

n

nn

n

n

n
nn

Sp

SRp
SRpp  . 

 d) 999.0np  is equivalent to 999
4

1
19981000 










n

 ; 

n











4

1
19981 ;  19984 n ; 48.5

4

1998


n

n
n




. 

     Therefore , the least natural number 1n  such that 999.0np  is 6 .                            

 

 

 

 

 

 

 

 

 

 

 



                                                                                                           
 

 

Page 10 
Faculty of Engineering – Lebanese University 

All the Entrance Exam Sessions are available on www.ulfg.ul.edu.lb 

 

LEBANESE UNIVERSITY 
FACULTY OF ENGINEERING          

 

Exercise 5  (   points )     

  

  1- xnxxg 21)(  . 

         a) 322)3( ng   and 423)4( ng   then 423)4(0322)3( ngng     

             g  is continuous and strictly increasing in [;2[  , then the equation 0)( xg  has a unique root     

               such that 43  . 

          b) 
22

)(211
)(

x

xg

x

xnx

x
xf 





.  

              For all  x  in [;4[  , 0xn  , then 0)( xf  . 

              For all  x  in [;4[  ,  0)()(  gxg  , then 0
1

)( 
x

xf ;  
x

xf
1

)(   . 

              Finally , for all  x  in [;4[  ,  
x

xf
1

)(0  .  )1(  

               2- The sequence )( nI  is defined , for 1n  ,  by 




1

)(

n

n

n dxxfI  . 

        a) For all  x  in [;4[  ,  
x

xf
1

)(0   , then , for all natural numbers 4n  , 




1

0

n

n

n
x

dx
I  where 

              






 






 n

n
nnnnnxn

x

dx n

n

n

n

1
)1(

1

1

  ;  therefore 






 


n

n
nIn

1
0   

        b) 01
1








 


n

n

n
nim

n
   and  







 


n

n
nIn

1
0   , then the limit of the sequence )( nI  is 0 . 

   3- a) Let xnu 21  and  
2

1
'

x
v   , then 

x
u

2
'  and  

x
v

1
  . 

           Using integration by part ,
x

xn

xx

xn
dx

xx

xn
dxxf

 232211
2

21
)(

2








   . 

       b) 






1

1

4

3

3

2

2

1

321 )()()()()(

n

n

n

n

nn dxxfdxxfdxxfdxxfdxxfIIIIS  ; 

           
1

)1(
2

1

3
3

23
)(

1

1

1

1














 






 n

nn

nx

xn
dxxfS

n

n

n


 . 
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          c) 0
1

)1(

1

3







  n

nn
im

n
im

nn


  ,  then 3


n

n
Sim . 

 

 

Exercise 6  (   points )     

 

   A-  1- a) 22 )2()(  xx eexf  , then  

                 )2()1(4)2()2(2))(2(2)2(2)(' 22222  xxxxxxxxxxxx eeeeeeeeeeeexf  . 

          b) 02 


x

x
eim  then , 0)( 


xfim

x
   ; 

           


x

x

x

x
eimeim 2  then , 


)(xfim

x
 . 

            The sign of )(' xf is that of )2()1(  xx ee  ; 

             it changes at 0x  and at 2nx   . 

             Table of variations of f  

2- 0)( 


xfim
x
  then , the axis of abscissas is asymptote to )(C at  . 

          


)(xfim
x
  and 



2)2(
)( xx

x

xx
ee

x

e
im

x

xf
im   since 

 x

e
im

x

x
 then , )(C  has  

           at  an asymptotic direction parallel to the axis of ordinates . 

           Drawing )(C  .  ( Unit :  3 cm ) . 

B-  1- )23()2(
12

1
)( 3  xx eexF , then )(xF  has the sign of 2xe .  

         0)2( nF   ;  if 2nx   , 0)( xF  and  if  2nx   , 0)( xF  . 

     2- a) )6369()2(
12

1
)3()2(

12

1
)23)(()2(

4

1
)(' 22232 xxxxxxxxxx eeeeeeeeeexF   

                        )()2( 22 xfee xx   , then F  is the antiderivative of f  on IR  such that 0)2( nF  . 

         b)
3

4
)( 


xFim

x
  and 


)(xFim

x
          

               0)2()(' 22  xx eexF  

               table of variations of F . 

 

 

x

)(xf

 0



0

0 )(' xf

2n

0

0



Figure  52

1

x

)(xF



)(' xF



Figure  52 a


0

0+ +

2n

3

4
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     3- a) )44312()2(
12

1
)23()2(

12

1
)2()()( 222322  xxxxxxxx eeeeeeeexFxf  

             0)449()2(
12

1
)()( 22  xxx eeexFxf  , then )(C  and )(  have one common point 

             )0;2( nT   and , for all 2nx  , )(C  lies above )(  . 

             )(C  and )(  are tangent at T  since )2(')2(' nfnF    ( both are 0 ) . 

         b) 
3

4
)( 


xFim

x
 , then the straight line of equation 

3

4
y  is asymptote to )(  at  . 

         c) Drawing )(  . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     4- Let m  be a real number such that 0m  . 

)(C

1

O x

y

Figure  53

2n

12

5


)(

3

4


M(m)

A- aB
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         a) f  is a positive function then , )()()(

2

mFdxxfmS

n

m

 


 . 

             
3

4
)()( 


mFimmSim

mm
   .     

        b) F  being strictly increasing , then For all ]0;] m  , )0()()( FmFmFim
m




  ;  that is 

           
12

5
)(

3

4
 mF  , then 

3

4
)(

12

5
 mS  . 

         c) a  being a given number such that 
3

4

12

5
 a  , take the point A  of ordinate a  on the axis of  

             ordinates ; the parallel to the axis of abscissas drawn through A  cuts )(  at a point B , then 

             the parallel to the axis of ordinates drawn through B  cuts the axis of abscissas at the point M  

             such that OMMofabscissam  )( . 

 

 

 

 


